Contextuality versus Incompatibility by Khrennikov, Andrei
ar
X
iv
:2
00
5.
05
12
4v
1 
 [q
ua
nt-
ph
]  
8 M
ay
 20
20
Contextuality versus Incompatibility
Andrei Khrennikov
Linnaeus University, International Center for Mathematical Modeling
in Physics and Cognitive Sciences Va¨xjo¨, SE-351 95, Sweden
May 12, 2020
Abstract
Our aim is to compare two fundamental notions of quantum physics,
contextuality vs. incompatibility. It can be easily shown that, for
“natural quantum observables”, contextuality is completely reduced
to incompatibility. However, we found that there is still a chance
that in quantum physics contextuality peeled off incompatibility has
some nontrivial physical content. We found a mathematical constraint
extracting the “pure contextuality” component from incompatibility.
However, the physical meaning of this constraint is not clear. In this
paper, contextuality is understood operationally in the sense of vi-
olation of noncontextuality (Bell type) inequalities, so to say Bell-
contextuality. We remark that contextuality can be understood more
generally, in accordance with the Bohr message that in the process
of measurement all experimental arrangement (experimental context)
has to be taken into account. Bohr-contextuality, of course, plays the
crucial role in quantum foundations. Moreover, this is the root of
the Bohr’s complementarity principle. Incompatibility is, in fact, a
consequence of contextuality, but the latter has to be understood as
Bohr-contextuality. However, in this note we want to discuss Bell-
contextuality. Finally, we remark that outside of physics, e.g., in
cognitive psychology and decision making contextuality peeled off in-
compatibility may play the important role.
keywords: quantum contextuality; incompatibility; complementar-
ity principle; incompatible observables; compatible observables; joint
probability distribution; classical probability (Kolmogorov model).
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1 Introduction
Contextuality formalized in the form of violation of the Bell type in-
equalities [1] (Bell-contextuality), so called noncontextuality inequal-
ities [2], is really a hot topic in quantum physics. Unfortunately, it
is typically presented in the purely mathematical framework and its
physical meaning really unclear. Since long time I advertize the idea
that, in fact, both quantum nonlocality and contextuality are sim-
ply the special mathematical expressions of incompatibility of quan-
tum observables, for nonlocality, see, e.g., [3]-[5]. In this paper, we
show that there is still a chance that in quantum physics contextual-
ity peeled off incompatibility has some nontrivial physical content. We
found a mathematical constraint, see (13), extracting the “pure con-
textuality” component from incompatibility. However, the physical
meaning of this constraint is not clear.
We shall proceed with Bell-contextuality defined operationally as
violation of the noncontextuality inequalities. Typically one uses heuris-
tically more attractive definition going back to Bell [1, 6]: if A,B,C
are three quantum observables, such that Acompatible with B and
C, a measurement of A might give different result depending upon
whether A is measured with B or with C. However, for incompatible
observables B and C, this is a metaphysical statement that is based
on counterfactual argument and not testable experimentally. It can
be tested only implicitly via violation of the noncontextuality inequal-
ities. And the latter can be violated, for quantum observables, only
for incompatible B and C.
Contextuality can be understand more generally in accordance
with the Bohr message [7] that all experimental arrangement (ex-
perimental context) has to be taken into account in the process of
measurement; he pointed to “the impossibility of any sharp separa-
tion between the behavior of atomic objects and the interaction with
the measuring instruments which serve to define the conditions under
which the phenomena appear.” Here “phenomenon” is understood
as individual output of measurement [7, 8, 9, 4]. Bohr-contextuality
is the basis of quantum foundations. Moreover, this is the root of
the Bohr’s complementarity principle. So, incompatibility is, in fact,
a consequence of contextuality, but the latter has to be understood
as Bohr-contextuality, appendix 1 (see also [10]). Regarding incom-
patibility, one can say that it can be tested experimentally via its
coupling with the Schro¨dinger inequality (generalizing the Heisenberg
inequality).
We also remark that Bell-type inequalities interpreted as noncon-
textuality inequalities are started to be tested outside of physics, e.g.,
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in cognitive psychology and decision making [11]-[15]. Here Bell-
contextuality peeled off incompatibility can play the important role.
2 Quantum theory: Bell-contextuality
vs. Bohr-incompatibility
We follow paper [2] (one of the best and clearest representations of
contextuality). The n-cycle contextuality scenario is given by n ob-
servables X1, ...,Xn and the set of maximal contexts
Cn = {{X1,X2}, ..., {Xn−1,Xn}, {Xn,X0}}. (1)
Consider dichotomous observables taking values ±1.
Theorem 1 from paper [2] describes all tight noncontextuality in-
equalities. In particular, for n = 4 we have inequality:
|〈X1X2〉+ 〈X2X3〉+ 〈X3X4〉 − 〈X4X1〉| ≤ 2. (2)
Theorem 2 [2] demonstrates that, for n ≥ 4 (cf. appendix 1 for
n = 3), aforementioned tight noncontexuality inequalities are violated
by quantum correlations. But,
what is the physical root of quantum violations?
The formal mathematical calculations [2] used to show violation of
noncontextuality inequalities for quantum observables do not clarify
physics beyond these violations.
Now, we turn to the quantum physics, i.e., X1, ...,Xn are not arbi-
trary observables, but quantum physical ones. In the quantum formal-
ism, they are represented by Hermitian operators Xˆ1, ..., Xˆn. Denote
the orthogonal projectors onto the corresponding eigenspaces by the
symbols Eˆjα, α = ±1.
Suppose now that these observables are compatible with each other,
i.e., any two observables Xi,Xj can be jointly measurable, so in the
operator formalism, [Xˆi, Xˆj ] = 0.
The quantum theory has one amazing feature that is not so widely
emphasized:
Pairwise joint measurability implies k-wise joint measurability for
any k ≤ n.
If all pairs can be jointly measured, then even any family of ob-
servables {Xi1 , ...,Xik} can be jointly measured as well. In principle,
there is no reason for this. This is the specialty of quantum theory.
3
The joint probability distribution (JPD) of compatible observables
is defined by the following formula [16]:
Pi1...ik(αi1 , ..., αik ) = TrρEˆi1αi1 · · · Eˆikαik . (3)
In particular, by setting k = n we obtain JPD of all observables,
P1...n(α1, ..., αn) = TrρEˆ1α1 · · · Eˆnαn . (4)
We remark that the probability distributions given by (3) can be ob-
tained from the latter JPD as the marginal probability distributions:
Pi1...ik(αi1 , ..., αik ) =
∑
αj ,j 6=i1...ik
P1...n(α1, ..., αn). (5)
This formula implies as well that the marginals of JPD Pi1...ik of the
rank k generate JPDs of the rank k − 1. In particular, we have the
consistency rules for JPDs of ranks 2 and 1,
Pi(αi) =
∑
αj
Pij(αi, αj) (6)
and ranks 3 and 2:
Pij(αi, αj) =
∑
αk
Pijk(αi, αj , αk) (7)
We have the classical probability framework; the Kolmogorov proba-
bility model with the probability measure P ≡ P1...n. In this classical
probabilistic framework we can prove any noncontextuality inequality.
It is impossible to violate them for compatible quantum observables.
We can formulate this result as a simple mathematical statement:
Theorem 1. For a system of quantum observables X1, ...,Xn,
incompatibility of at least two of them, is the necessary condition of
their Bell-contextuality.
Thus, there is no Bell-contextuality without incompatibility. Does
the latter contain something more than incompatibility?
Finally, we remark that noncontextuality inequalities started to be
used in applications outside of physics, e.g., in psychology, cognitive
science, and decision making [11]-[15]. If one does not assume that
observables are represented by Hermitian operators in Hilbert space,
then “no-go” Theorem 1 loses its value.
4
3 Does incompatibility imply contex-
tuality (in the sense of violation of non-
contextuality inequalities)?
In [3], I analyzed in details the CHSH-inequality; the CHSH-correlation
has the form:
Γ = 〈A1B1〉+ 〈A1B2〉+ 〈A2B1〉 − 〈A2B2〉, (8)
where observables Ai are compatible with observables Bj, i, j = 1, 2. In
[3], the tensor product structure of the state space was not explored
and quantum observables were represented by Hermitian operators
Aˆi, Bˆj acting an arbitrary Hilbert space. In this framework the CHSH-
inequality can be treated as the noncontextuality inequality for four
observables; by setting in (8) A2 = X1, B1 = X2, A1 = X3, B2 = X4,
we obtain the correlation:
Γ = 〈X1X2〉+ 〈X2X3〉+ 〈X3X4〉 − 〈X4X1〉, (9)
since we work with quantum observables, we proceed under the com-
patibility assumption
[Xˆ1, Xˆ2] = 0, [Xˆ3, Xˆ2] = 0, [Xˆ3, Xˆ4] = 0, [Xˆ1, Xˆ4] = 0. (10)
Now set
Mˆ13 = i[Xˆ1, Xˆ3] and Mˆ34 = i[Xˆ2, Xˆ4]. (11)
These are Hermitian operators, so they represent some quantum ob-
servables M13 and M34. We remark that these observables are com-
patible:
[Mˆ13, Mˆ34] = 0. (12)
The following theorem is the noncontextuality reinterpretation of
the main result of paper [3]:
Theorem 2. Condition
Mˆ13 ◦ Mˆ34 6= 0. (13)
is necessary and sufficient for violation of the noncontextuality in-
equality (2) for some quantum state.
We remark that condition (13) is trivially satisfied for incompatible
observables, if the state space and observables have the tensor product
structure: H = H13 ⊗H24 and
Xˆi = Xˆi ⊗ I, Xˆj = I ⊗ Xˆj, (14)
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where
Xˆi : H13 → H13, i = 1, 3, Xˆj : H24 → H44, j = 2, 4. (15)
Here condition (13) is reduced to incompatibility condition:
[Xˆi, : Xˆj] 6= 0, i = 1, 3; j = 2, 4. (16)
In particular, for compound systems, contextuality (“nonlocality”) is
exactly incompatibility. The same is valid for any tensor decomposi-
tion of the state space of a single quantum system with observables
of the type (14). In the tensor product case, peeling off contextuality
from incompatibility leads to the notion with the empty content.
But, it may happen thatXi-observables, i = 1, 3, andXj-observables,
j = 2, 4, are not connected via the tensor product structure. In this
case, the interpretation of constraint (13) is nontrivial. What is its
physical meaning? I have no idea.
Of course, the main problem is that it is not clear at all how to
measure the observables of the commutator-type.
Conclusion. There is still a hope that quantum contextuality
peeled off incompatibility has some nontrivial physical meaning. This
possible meaning is encrypted in condition (13).
Appendix 1: From Bohr’s contextuality
to the complementarity principle
As was emphasized in [10], the complementarity principle is in fact
a kind of the principle of contextuality. Bohr did not use the notion
“experimental context”. He operated with the notion of experimental
condition [7] :
“Strictly speaking, the mathematical formalism of quantum me-
chanics and electrodynamics merely offers rules of calculation for the
deduction of expectations pertaining to observations obtained under
well-deffined experimental conditions specified by classical physical con-
cepts.”
By using the notion of experimental context we can present the
complementarity principle as composed of the following components
[10]:
• (B1): There exists the fundamental quantum of action [17] given
by the Planck constant h :
• (B2): The presence of h prevents approaching internal features
of quantum systems [17].
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• (B3): Therefore it is meaningless (from the viewpoint of physics)
to build scientific theories about such features.
• (B4): An output of any observable is composed of contributions
from a system under measurement and the measurement device.
• (B5): Therefore the complete experimental arrangement, con-
text, has to be taken into account.
• (B6): There is no reason to expect that all experimental con-
texts can be combined. Therefore there is no reason to expect
that all observables can be measured jointly. Hence, there exist
incompatible observables.
(B6) can be called the incompatibility principle; this is a conse-
quence of (B4) and (B5). Typically the complementarity principle
is identified with (B6). However, such a viewpoint does not match
with Bohr’s understanding of the complementarity principle, as the
combination (B1)-(B6).
Bohr’s viewpoint on contextuality was explored in a series of au-
thor’s papers, see, e.g., monograph [9].
Appendix 2. Suppes-Zanotti inequal-
ity: Has it any relation to quantum physics?
The case n = 3,X1,X2,X3, is special. Here the tight noncontextuality
inequality was derived by Suppes and Zanotti [18]:
〈X1X2〉 − 〈X2X3〉+ 〈X1X3〉 ≤ 1. (17)
Often this inequality is misleadingly coupled to the original Bell in-
equality []. However, the Suppes-Zanotti inequality has nothing to do
with quantum mechanics. Since it is assumed that all pairs of observ-
ables are compatible, the JPD for quantum observables always exists
and this inequality is always satisfied. So, the criterion of the existence
of JPD derived in [18] has no relation to quantum mechanics.
The original Bell inequality has the form:
〈X1X2〉 − 〈X3X4〉+ 〈X1X4〉 ≤ 1. (18)
Here observable X1 should be compatible with observables X2,X4 and
X3 with X4. This is the inequality based on three contexts for four
observables. It is not a tight noncontextuality inequality, so it is not
covered by Theorem 1 [2]. Surprisingly this inequality is more com-
plicated than inequality (2), see [] for some steps towards its analysis.
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